
Braids and their Applications

Jonathan Boiser

September 16, 2009



What is a Braid?

This is a braid on four strands.



Equivalence Among Braids

Two braids are equivalent if one of them can be continuously (for
example, you cannot pull one strand through another) deformed
into the other.

In fancy topology-speak, we say that two braids are equivalent if
they are isotopic.



Braids and Permutations

If we were to number the endpoints of the strands like so.

1 2 3 4

1 2 3 4

We see that this braid induces the permutation

(
1 2 3 4
4 1 2 3

)
.

However, there are an infinite number of braids that also induce
this permutation.



“Multiplying” Braids

We can connect, or concatenate, two braids to yield a new braid.



The Braid Group Bn

Let n be a natural number.

Define Bn as the set of equivalence classes of isotopic n-strand
braids.

Theorem (Artin)

Bn is a group under concatenation.

Artin proves this fact using the very unwieldy geometric definition
of a braid. One can convince one’s self that Bn is in fact a group
for small values of n by using pictures.



Decomposition into Simple Braids

Every braid in Bn can be written as the product of a finite number
of simple braids, consisting of a single crossing between adjacent
strands. The i-th simple braid is denoted as σi , for i = 1, . . . , n−1.

. . . . . . . . . . . .

σi σ−1
i

We could say that the simple braids {σ1, . . . , σn−1}generate Bn.



Tidying up a Braid

σ−1
1 σ2σ2σ

−1
1 σ−1

1



Relations among Simple Braids

Certain short sequences of simple braids obey two types of rules,
called relations.

Relation 1: σiσj = σjσi whenever |i − j | > 1.

=



Relations among Simple Braids

Relation 2: σiσi+1σi = σi+1σiσi+1 for i = 1, . . . , n − 2.

=

Notice that neither of these relations shrink nor expand a given
braid word.



Example

In B4, show that σ3σ1σ2σ3σ4 = σ1σ2σ3σ4σ2.

σ3σ1σ2σ3σ4 = σ1σ3σ2σ3σ4 (Rel. 1)

= σ1σ2σ3σ2σ4 (Rel. 2)

= σ1σ2σ3σ4σ2 (Rel. 1)

HW-type problem: Derive rules for σ−1
i σi+1σi and related

expressions for braids with inverse generators.



The Artin Presentation for Bn

In the same seminal papers in which he defined the braid group,
Artin proved that the two types of relations introduced earlier are
enough to describe every possible equivalence among braids
encoded as generators (hereafter called “braid words” or “words”).

This leads to the group presentation of Bn:

Bn :=

〈
σ1, . . . , σn−1

σiσj = σjσi whenever |i − j | > 1.
σiσi+1σi = σi+1σiσi+1 for i = 1, . . . , n − 1.

〉



Braids and Permutations, Again

The symmetric group of order n, Sn, can also be generated by
n − 1 generators (the transpositions) along with the same relations
as Bn, but with the addition of the relations σiσi = e or,
equivalently, σi = σ−1

i for i = 1, . . . , n − 1.

This is another way of saying that Sn is a quotient group of Bn,
which can be shown in a different manner:

Define the group homomorphism π : Bn → Sn by σi 7→ (i , i + 1).
This is an onto (but not one-to-one, obviously) map (i.e.
surjective). Let Pn be the set of braids that induce the identity
permutation (sometimes called the pure braid group). That is,
Pn = ker π.

By the first isomorphism theorem (covered in MATH 524B here at
SDSU):

Bn/Pn
∼= Sn



Decision Problems in Bn

A problem, in this case a yes-or-no question, is said to be decidable
if we can write an algorithm that will, for any input, finish in a
finite amount of time and give us a definite response.

There are two decision problems that can be asked of
finitely-presented groups (like Bn):

The Word Problem: Does there exist an algorithm that can
determine in a finite number of steps whether two words
(sequences of generators and their inverses) correspond to the
same group element?

The Conjugacy Decision Problem: Given two words, A,B,
corresponding to group elements a, b, does there exist an algorithm
that can determine in a finite number of steps whether there exists
an element c such that a = c−1bc. That is, are a and b
conjugate? (Symbolized a ∼ b, or A ∼ B, if there is no confusion.)



Decision Problems in Bn

The related Conjugacy Search Problem asks whether the
conjugating element c can be determined, if it is already known
that two elements are conjugate.

Interesting observation: These problems can be answered in the
affirmative by proving merely the existence of an algorithm,
without actually specifying how it would work.



The Word Problem in Bn

In general, the word problem for infinite groups cannot be solved
by exhaustive search, since every word is equivalent to an infinite
number of other words. For example: σ1σ3σ4 = σ1(σ2σ

−1
2 )kσ3σ4

for any k , to take the simplest example.

The word problem for Bn was first solved by Artin. However, the
conjugacy problem remained unsolved for about 40 years until
Frank Garside developed techniques that solved the word and
conjugacy problems in a unified manner.

(Oddly enough, nobody has adapted Artin’s original techniques,
which used the fundamental group of the surface formed by the
complement of the braid).

Garside’s solution to the word problem involves computing a
unique normal form for of braid word. Two braids are equivalent if
and only if their braid words have the same normal form.



Positive Braids

If a braid word contains no negative powers of a generator, it is
said to be positive. (Algebra fact: The set of positive braid words,
denoted B+

n is a monoid with the same presentation as Bn).

For a fixed positive integer k , there are a finite number of positive
braid words of length k , so the word problem for B+

n is decidable,
in pricipal.



The Fundamental Braid Word ∆

In Bn, the fundamental word ∆n ≡ ∆ ∈ B+
n is defined as

∆ := (σ1 . . . σn−1)(σ1 . . . σn−2) . . . (σ1σ2)σ1

The geometric braid ∆ is known as the “half-twist”:



The Fundamental Braid Word ∆

Trust me when I say that this braid is amazing. Two important
facts about ∆:

1. ∆ = σixi , where xi ∈ B+
n for all i = 1, . . . , n − 1.

2. For any p ∈ B+
n and k ∈ Z, ∆kp = p′∆k , for some p′ ∈ B+

n .

Thus, if a positive word has any factors of ∆ in it, they can be
moved to the left. So, for any positive word w ,

w = ∆qw ′

where q ≥ 0 is maximal and p ∈ B+
n .



Garside Normal Form

Theorem

Every word x ∈ Bn can be written uniquely in the form

∆mp

where m ∈ Z and p ∈ B+
n .

The exponent m is known as the infimum of x (i.e. inf x = m).

Two words are equivalent if and only if their Garside normal forms
are equivalent (up to isotopy, although we can put more
restrictions on the normal form to avoid this).

Where the all the negative generators go? Recall that ∆ = σixi ,
where xi is positive. Thus, σ−1

i = xi∆
−1. We move all the ∆−1’s

to the left, and what remains is a positive word. We factor the ∆’s
out of this positive word and move them to the left as well.



The Conjugacy Decision Problem in Bn

How do we solve the conjugacy problem? Again, we can’t do
exhaustive search since the conjugacy class of any non-trivial braid
is infinite. Nor is it obvious how to direct our search.

As was mentioned before, ∆ plays a huge role in braid theory. The
set of prefixes, or divisors of ∆ is especially important for the
conjugacy problem.

D := {d ∈ B+
n : dx = ∆ for some x ∈ B+

n }

Note: |D| = n!. (Does this number look familiar?)



Hasse Diagram of D



The Conjugacy Decision Problem in Bn

The importance of D in solving the conjugacy decision (and
search) problem is due to the so-called convexity property of braid
conjugacy classes:

Suppose x is conjugate to y . Then there exists a sequence of
conjugates

a0 = x

a1 = c−1
1 a0c1

a2 = c−1
2 a1c2

...

av = c−1
v av−1cv = y

where each ci ∈ D. This result tells us that we can search for a
specific conjugate by repeated conjugation by D.



The Summit Set

Let x ∈ Bn and [x ] be the set of braids conjugate to x . The
summit set of x , SS(x) ⊂ [x ] consists of conjugates of x with
maximum infimum. To find the summit set, we must climb Mount
Infimum slowly but surely by repeated conjugation with D.



Ascending Mount Infimum



The Summit Set

We ascend Mt. Infimum by repeatedly conjugating elements in [x ]
by the elements in D and converting them to normal forms to
check their infimums. As the picture suggests, it turns out that,
for any integer k , the subset of [x ] with infimum greater than k is
finite. Therefore, this process must end at some point.

The summit set is finite (but enormous for large n and long braid
words) and is the same for all elements of [x ]. Therefore, to
determine whether x ∼ y , we can check whether
SS(x) ∩ SS(Y ) 6= ∅, which is equivalent to [x ] = [y ] and thus
x ∼ y .



Improvements to the Summit Set

1. Super Summit Set: The “shortest” conjugates in the summit
set.

2. Ultra Summit Set: Elements of the SSS that belong to an
orbit under a special automorphism.

3. Stable SSS/USS: Elements of the SSS/USS that have a
power belonging to its own SSS/USS.

4. Cycling Sliding Set: Similar to USS, but using a different
automorphism.

5. For the above, the use of a set of conjugating elements
smaller than D.

All of these solutions use the same basic approach that Garside
invented.



Open Problems

In numerical experiments, the time complexity of computing
summit sets appears to be enormous (which is why the conjugacy
search has been proposed as a cryptological technique).

However, the combinatorics of the summit sets are still somewhat
mysterious. The best theoretical bounds on the size of these sets is
exponential in the number of strands and the length of the braid
word. It is an open question whether special, so-called rigid, braids
have a small ultra summit sets. Since the conjugacy problem for
generic braids is reducible to that of rigid braids, this would be one
step towards proving an efficient general solution to the CDP/CSP.

Recent work has tried to answer the above questions and others by
examining the dynamical-topological characteristics of braids. It
turns out that the complexity of these combinatorial problems
depend on these characteristics.



Dynamical-Topological Braids

Using your inner animation module, imagine n dots moving around
in a disk. Imagine also that the disk contains a viscous fluid and so
these dots drag the fluid with them. Then imagine stacking each
frame of this animation into a cylinder. You have a braid!(?)

In fancy topology-speak, the braid group is identifiable with the
mapping class group of the n-punctured disk.



The Thurston-Nielsen Classifiation of Braids

As we saw, a “static” geometric braid has a “dynamical”
interpretation as a flow on the surface of a disk. The
Thurston-Nielsen trichotomy states that, for any braid, the surface
dynamics induced by that braid fall into one of three categories:

1. Periodic

2. Reducible

3. Pseudo-Anosov

Although the Thurston-Nielsen classification is a topological
concept, there are are some well established links between the
dynamics and the algebra. However, this interface has not been
too well explored.



Periodic Braids

A braid x is periodic if some power of x induces a flow that returns
the n-punctured disk to its original orientation.

Example: In B4, the braid x = σ1σ2σ3 is periodic. (It induces a
cyclic permutation of the punctures, and so x4 returns the original
order). Note that x4 = ∆2.



Reducible Braids

A braid x is reducible if if it preserves a family of simple closed
curves surrounding at least two punctures.

Note that these curves form “tubes” that are like braids with fat
strands.



Pseudo-Anosov Braids

A braid that is neither periodic nor reducible is pseudo-Anosov.
This is the generic case.



Using Braids to Understand Real Flows

In algebraic topology, the general approach is to take something
complicated and continuous and reduce it to a question about
something less complex and discrete.

For example, we took a complicated looking flow that could be
specified as a PDE and turned it into a braid.

Could this approach be useful for studying actual fluid flows?

Why not?



Anshel-Anshel-Goldfeld
Key Exchange Protocol

A key-exchange protocol is a set of instructions that enable two
parties, traditionally named Alice and Bob, to securely establish a
common secret key (to use for encoding their subsequent
communications).

In a public key cryptosystem, there is public information, on the
one hand, that anybody in the world can see, and private
information that only Alice and Bob individually know. Alice and
Bob combine this public and private information to produce an
object that reveals nothing about the private information.

Therefore, even if a bad guy sees new object, he or she will not be
able to determine Alice or Bob’s secrets (hopefully).



AAG Key Exchange Protocol

Public Information: A = 〈a1, . . . , as〉, B = 〈b1, . . . , bt〉, subgroups
generated by a finite number of braid words.

Private Information: α ∈ A (Alice’s secret). β ∈ B (Bob’s secret).

Exchange Procedure:

1. Bob sends Alice the set {β−1a1β, . . . , β
−1asβ}. Alice sends

Bob {α−1b1α, . . . , α
−1bsα}. (These are put into normal form

to provide some diffusion).

2. Using the conjugates from Alice, Bob computes β−1(α−1βα).
Similarly, Alice computes (α−1(β−1αβ))−1.

Common key: (αβ)−1βα



Why is this (Supposedly) Secure?

Take the braids sent by Alice to Bob:

{α−1b1α, . . . , α
−1bsα}

These are a set of different elements conjugated by the same
element. Thus, somebody wanting to figure out the secret α must
solve the multiple conjugacy search problem. If this problem is
computationally intractable, then the system is secure.



Research Problems in Braid Cryptography

I Are conjugacy-based schemes secure?

I How can we attack these cryptosystems?

I Are there other computationally difficult problems that can be
used instead of conjugacy search?

I How can we generate keys that are more secure?



Other Applications

1. Physical theory of quantum computers.

2. Knot theory.

3. Representation theory.

4. Robotics.

5. Innovations in hair.



Studying Braids

Pros:

I You can draw pictures.

I Many open questions.

I Exposure to many different fields.

I Gentle learning curve.

I $$$

Cons:

I Not mainstream.

I Technical and headache-inducing.

I Need proficiency in many fields.


